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Entanglement plays a pervasive role nowadays throughout quantum information science, and at the same time
provides a bridging notion between quantum information science and fields as diverse as condensed-matter the-
ory, quantum gravity, and quantum foundations. In recent years, a notion of Generalized Entanglement (GE) has
emerged [H. Barnum et al, Phys. Rev. A 68, 032308 (2003); L. Viola et al, Contemp. Math. 381, 117 (2005)],
based on the idea that entanglement may be directly defined through expectation values of preferred observables –
without reference to a preferred subsystem decomposition. Preferred observables capture the physically relevant
point of view, as defined by dynamical, operational, or fundamental constraints. While reducing to the standard
entanglement notion when preferred observables are restricted to arbitrary local observables acting on individual
subsystems, GE substantially expands subsystem-based entanglement theories, in terms of both conceptual foun-
dations and range of applicability. Remarkably, the GE framework allows for non-trivial entanglement to exist
within a single, indecomposable quantum system, demands in general a distinction between quantum separability
and absence of entanglement, and naturally extends to situations where existing approaches may not be directly
useful – such as entanglement in arbitrary convex-cones settings and entanglement for indistinguishable quantum
particles. In this paper, we revisit the main motivations leading to GE, and summarize the accomplishments and
prospects of the GE program to date, with an eye toward conceptual developments and implications. In particular,
we explain how the GE approach both shares strong points of contact with abstract operational quantum theories
and, ultimately, calls for an observer-dependent redefinition of concepts like locality, completeness, and reality
in quantum theory.
PACS numbers: 03.67.-a, 03.65.Ud, 03.67.Mn, 05.30.-d
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I. INTRODUCTION
The first realization that the validity of the quantum super-
position principle in the Hilbert space describing a composite
quantum system may give rise to fundamentally new corre-
lations between the constituent subsystems came in the land-
mark 1935 paper by Einstein, Podolsky, and Rosen (EPR) (1),
where it was shown how the measurement statistics of ob-
servables in certain quantum states could not be reproduced
by assigning definite wave functions to individual subsystems.
It was in response to the EPR paper that Schro¨dinger, in the
same year, coined the term entanglement (“Verschra¨nkung”)
to acknowledge the failure of classical intuition in describing
the relationship between the “parts” and the “whole” in the
quantum world (2):
“Whenever one has a complete expectation cata-
log – a maximum total knowledge – a ψ function
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– for two completely separated bodies,... then one
obviously has it also for the two bodies together.
But the converse is not true. The best possible
knowledge of a total system does not necessarily
include total knowledge of all its parts, not even
when these are fully separated from each other
and at the moment are not influencing each other
at all.”
While Bell’s strengthening of the original EPR-paradox set-
ting (3) and the subsequent experimental verification of Bell
inequalities (5) irreversibly changed the perception of entan-
glement from a property of counterintuitive “spookiness” to
(beyond reasonable doubt) an experimental reality, the con-
cept and implications of entanglement continue to be associ-
ated with a host of physical, mathematical, and philosophical
challenges (9). In particular, investigation of entanglement in
both its qualitative and quantitative aspects has intensified un-
der the impetus of quantum information science (QIS). Build-
ing on the discovery of the teleportation and dense coding pro-
tocols (6; 7), entanglement has nowadays been identified as
the defining resource for quantum communication (7), as well
as an essential ingredient for understanding and unlocking the
power of quantum computation (8). Furthermore, entangle-
ment is gaining a growing status as a key bridging notion be-
2tween QIS and different subfields of Physics – most notably
quantum foundations, quantum statistical mechanics, quan-
tum gravity, and condensed-matter theory. In spite of contin-
uous progress, however, the current state of entanglement the-
ory is still marked by a number of outstanding open problems,
which range from the complete classification of mixed-state
bipartite entanglement, to entanglement in systems with con-
tinuous degrees of freedom, and the classification and quan-
tification of multipartite entanglement for arbitrary quantum
states (10).
At an even more fundamental level, a number of indications
have recently emerged showing that the very definition of en-
tanglement as given thus far may be too restrictive to embrace
relevant physical and information-theoretic settings in their
full generality. From an operational standpoint, the distinc-
tion between entangled and unentangled states of a composite
quantum system largely stems from having acknowledged a
separation between “local” capabilities – hereby regarded as
a “cheap” resource – as opposed to arbitrary “non-local” ca-
pabilities – which are not readily available, hence come with
a cost: were no operational restriction in place, then clearly
all pure states of the system would be equivalent. In the con-
ventional approach to entanglement, local capabilities and de-
grees of freedom are further (more or less explicitly) identified
with spatially separated distinguishable subsystems. While
such identification is both natural and adequate for the ma-
jority of QIS settings, compelling motivations for critically
reconsidering the resulting subsystem-based notion of entan-
glement arise in situations where the identification of “local”
resources may not be a priori obvious or it may conflict with
additional or different restrictions. A most prominent exam-
ple in this sense (and one that has received extensive attention
in the recent literature, see e.g. (11; 12; 13; 14) for represen-
tative contributions) is offered by many-body systems consist-
ing of indistinguishable (bosonic or fermionic) quantum par-
ticles. Whenever the spatial separation between the latter is
small enough for quantum statistics to be important, admissi-
ble quantum states and observables are effectively constrained
to lie in a proper (symmetric or antisymmetric) subspace of
the respective tensor products of observable spaces, making
the identification of “local” subsystems and operations by far
more delicate and, ultimately, ambiguous than in the standard
case. So, in general, how can entanglement be understood in
an arbitrary physical system, subject to arbitrary constraints
on the possible operations we may perform for describing,
manipulating, and observing its states?
Our proposed answer builds on the idea that entanglement
is an inherently relative concept, whose essential features
may be captured in general in terms of the relationships be-
tween different observers – as specified through expectations
of quantum observables in different, physically relevant sets.
In the simplest instance, distinguished observables in a pre-
ferred set determine the analog of restricted, “local” capabili-
ties, as opposed to unrestricted, “global” capabilities embod-
ied by the full observable space. Generalized Entanglement
(GE) of a quantum state relative to the distinguished set may
then be defined without without reference to a decomposition
of the overall system into subsystems (15; 16). That the role
of the observer must be properly acknowledged in determin-
ing the distinction between entangled and unentangled states
has been independently stressed by various authors in various
contexts: in particular, the emergence of distinguished sub-
systems and of a preferred tensor product structure has been
related to the set of operationally available interactions and
measurements in (17; 18), whereas the presence of maximal
entanglement in a state has been directly defined in terms of
maximal fluctuations of fundamental observables in (20). In
spite of suggestive points of contact, our approach differs from
the above in (at least) two important ways: physically, the
need for a decomposition into distinguishable subsystems is
bypassed altogether; mathematically, the GE notion rests di-
rectly (and solely) on extremality properties of quantum states
in convex sets which are associated to different observers.
Therefore, GE is both directly applicable to arbitrary operator
languages which may be used to specify the relevant quantum
system, and suitable for investigations of general operational
theories, where convexity plays a key role (22; 23).
A more rigorous and thorough development of the GE
framework is available in (15; 21; 22); our main goal here is
to informally revisit the key steps and further illustrate them
through examples which may be especially useful at high-
lighting conceptual departures from the standard view.
II. ENTANGLEMENT AND SUBSYSTEMS: THE
STANDARD VIEW
In order to motivate and introduce the concept of GE, we
begin by briefly revisiting the standard setup of entangle-
ment theory. Throughout this paper, our formal treatment of
GE properties of quantum systems will be confined to finite-
dimensional quantum systems S, with associated state spaces
H, dim (H) = d < ∞. In line with Schro¨dinger’s original
definition, we furthermore assume that best possible knowl-
edge is available for S, thus requiring S to be in a pure state
|ψ〉 ∈ H. Let B(H) denote the space of linear operators on
H. The set of (traceless) quantum observables of S may be
naturally identified with the (real) Lie algebra su(d) ⊂ B(H),
with Lie bracket [X,Y ] = i(XY − Y X). Arbitrary states of
S are represented by positive, normalized elements in B(H)
(density operators), with ρ = |ψ〉〈ψ| for a pure state. The set
Υ of density operators is a compact convex subset of B(H):
thus equivalently, ρ is pure if it is an extreme point of Υ, or
the purity of ρ is maximal, P (ρ)= Tr(ρ2) = 1.
The essential intuition on which the GE notion builds may
be appreciated starting from the simplest instance of a com-
posite quantum system, namely a pair of two-dimensional
subsystems (Alice and Bob henceforth), living in a four-
dimensional complex space
H ≡ HAB = HA ⊗HB , (1)
where dim (HA) = dim (HB) = 2. Any joint pure state of
Alice and Bob which is separable, that is, able to be expressed
in the form
|Ψ〉AB = |ψ〉A ⊗ |φ〉B ≡ |ψφ〉AB , (2)
3for suitable subsystem states of Alice and Bob alone, is un-
entangled. Let {|0〉, |1〉} denote an orthonormal basis in C2
(computational basis), as usual. Then the following Bell states
are well known to be (maximally) entangled (3),
|Ψ±〉AB = |00〉AB ± |11〉AB√
2
,
|Φ±〉AB = |01〉AB ± |10〉AB√
2
. (3)
What distinguishes, at an operational level, states of the form
(2) from states of the form (3)? While the answer to this
question may be phrased in different ways in principle, it ul-
timately rests on the distinction between what Alice and Bob
may accomplish in terms of purely local resources as opposed
to arbitrary non-local ones. Let, in particular,
Ωloc = spanR{A⊗ 1 , 1 ⊗B |A = A†, B = B†} (4)
denote the set of local traceless observables on HAB, so that
a generic unitary transformation generated by observables in
Ωloc is of the form UAB = UA ⊗ UB. (The traceless condition
excludes the identity operator from the distinguished subspace
of observables; it is a somewhat arbitrary decision whether or
not to do this, as it has no effect on the convex structure of the
set of reduced states induced by normalized states, since all
states take the same value on it. Considering the reduced states
as a base for a cone, however, is equivalent to reintroducing
the identity operator, and considering the reduced states in-
duced by the states in the cone of unnormalized states.) Note
that Ωloc may be identified with the Lie algebra
Ωloc ≃ su(2)A ⊕ su(2)B = spanR{σa ⊗ 1 , 1 ⊗ σb} , (5)
where σa, a ∈ {x, y, z}, denote spin Pauli operators on C2.
Then no Bell state may be reached starting from a product
state as in (2) solely by application of operators generated by
local observables. Alternatively, imagine that the state of Al-
ice and Bob is to be determined based only on access to ex-
pectation values of observables (24). Then any pure product
state is completely specified by knowledge of the expectation
values 〈σa〉A,B on each subsystem, whereas knowledge of the
same expectations cannot distinguish a Bell state from a mix-
ture of pure states - containing no entanglement. For instance,
|Φ−〉AB ≡loc |01〉AB〈01|+ |10〉AB〈10|
2
, (6)
where equivalence means indistinguishability by access to ex-
pectations of restricted (local) observables. In order to distin-
guish, knowledge of appropriate correlations is required, that
is expectations of non-local observables like σx ⊗ σx in the
above example. An equivalent characterization of entangle-
ment may be obtained in terms of purity of Alice and Bob
subsystem states, as given by the corresponding reduced den-
sity operators: pure product states are precisely those states
for which each subsystem remains pure. To state it differ-
ently, pure entangled states are those pure states whose re-
duced states – i.e. the expectation values they determine for
all one-party observables only –are non-extremal, i.e. mixed.
Even in the simplest setting under consideration, it is essen-
tial to acknowledge that the characterization of a pure state in
H as entangled or not is unambiguously defined only after
a fixed tensor decomposition has been chosen among the dis-
tinct ones thatH can a priori support (as long as its dimension
d is a non-prime integer). By its very nature, (standard) entan-
glement is relative to a preferred subsystem decomposition –
capturing the specific way in which S is viewed as constituted
of its parts. Physically, one may expect that what makes a
given factorization preferred among others be naturally linked
to the set of operations which are deemed as practically avail-
able for control and observation. Indeed, in the bipartite set-
ting discussed above, availability of arbitrary observables in
Ωloc may be intuitively (and formally) related to the identifica-
tion of local degrees of freedom associated with subsystems A
and B – as described in general by appropriate mutually com-
muting associative algebras of operators (17; 18). Suppose,
however, that for whatever reason the rule distinguishing what
is “cheap” from what is not changes – in particular, suppose
that accessible observables on H = C4 are arbitrary linear
combinations in the following set:
Ω′loc = spanR{σx ⊗ σx, σz ⊗ σz, σx ⊗ σy, σy ⊗ σz} . (7)
Then expectation values of observables inΩ′loc are clearly suf-
ficient to completely specify Bell states as given in Eq. (3),
whereas pure states of the form |ψφ〉AB may become “locally”
indistinguishable from mixtures, for instance
|00〉AB ≡loc′ |00〉AB〈00|+ |11〉AB〈11|
2
, (8)
where equivalence has the same meaning as before under
Ω′loc. Accordingly, Bell states should now be regarded as un-
entangled with respect to the relevant set of local capabilities.
In fact, it is possible to show in this case (17; 18) that a well-
defined decomposition of H into subsystems still exists rela-
tive to the new local set Ω′loc,
H = Hχ ⊗Hλ , (9)
where χ, λ specify “virtual” subsystems corresponding to
eigenvalue χ ∈ {Ψ,Φ}, and λ ∈ {+,−}, respectively – so
that, for instance, |Ψ+〉 ≃ |Ψ〉χ ⊗ |+〉λ, and so on.
While the above examples nicely demonstrate how, even
within the standard “subsystem-based” framework, the no-
tion of entanglement is strongly observer-dependent, a closer
scrutiny rapidly leads to the following deeper questions:
Are subsystems general and flexible enough to
capture the relativity of entanglement in full?
Once a preferred observer is specified through the
identification of a distinguished observable set,
is it always possible to relate such an observer
to the emergence of preferred subsystems? And,
whether it may be possible or not, is it always
necessary or useful?
Several concrete examples may be adduced toward show-
ing the inadequacy of subsystem-based entanglement in set-
tings involving operational or fundamental constraints more
4general than the ones implied by the standard framework
(15; 21; 25; 26; 27). Within the four-dimensional state space
considered so far, imagine for instance that available opera-
tions are subject to a conservation law, say conservation of
the total (pseudo)spin angular momentum along a given axis,
Sz = (sz ⊗ 1 + 1 ⊗ sz)/2, with sa = σa/2. Assume we
describe the corresponding observer in terms of the (smallest)
Lie algebra of observables commuting with Sz ,
Ωzloc = spanR{ sz⊗1 , 1 ⊗ sz,
√
2(sx ⊗ sx + sy ⊗ sy),√
2(sx ⊗ sy − sy ⊗ sx)} ≃ u(2) , (10)
where an orthonormal Hermitian basis has been used for later
reference. On one hand, because only a subset of local observ-
ables are included, only a proper subspace of product states in
HAB may expected to remain “unentangled” given such capa-
bilities. On the other hand, although in analogy with Ω′loc ex-
pectations of observables in Ωzloc continue to determine states
like |Ψ±〉, it is also clear that not all four Bell states are now
on the same footing, as long as sz ⊗ sz is not included in the
distinguished set. Hence, Ωzloc corresponds neither to the fac-
torization in Eq. (1) nor to that in Eq. (9). Yet, one would still
like a natural and meaningful notion of entanglement to ex-
ist, based on the identification of “local” resources as the ones
described by Ωzloc.
Aside from being desirable on fundamental grounds, com-
pelling motivations for consistently describing a distinguished
u(2) observable algebra (and higher-dimensional generaliza-
tions) arise in the context of defining entanglement in sys-
tems of indistinguishable fermions – in which case the lat-
ter is reinterpreted in a second-quantized language and the
Sz-constraint is imposed by fermion-number conservation
(see Sect. IVD). In general, quantum indistinguishability
constrains the admissible fermionic states to the fully anti-
symmetric subspace of H, preventing a direct identification
between particles and subsystems in the standard tensor prod-
uct sense. While factorizations into distinguishable subsys-
tems can still be defined in terms of appropriate sets of modes,
the choice of preferred modes may be problematic in situa-
tions where different sets (e.g., spatial and momentum modes)
are equally relevant to the description. Finally, the possibil-
ity that the operator language which describes the problem
may itself be changed – for instance via isomorphic mappings
between spin and fermion operators like the Jordan-Wigner
transformation (28) – further adds to the intricacy of apply-
ing the standard entanglement framework to general quantum
many-body systems.
Can entanglement be directly defined in terms of distin-
guished physical observables, irrespective of and without ref-
erence to a preferred subsystem decomposition?
III. ENTANGLEMENT BEYOND SUBSYSTEMS: THE
CONCEPT OF GENERALIZED ENTANGLEMENT
The generalized entanglement setting we are seeking must
satisfy two essential requirements: it must both (i) reduce
to the ordinary framework in well-defined limiting situations,
and (ii) identify the presence or absence of entanglement in-
dependently of the specific operator language used to describe
the system S. The key intuition is to generalize the characteri-
zation of pure-state entanglement as relative mixedness under
restricted capabilities.
While we refer to (22) for a more detailed and mathemati-
cally more rigorous account, all relevant GE settings are sub-
sumed as special cases of a general definition based on distin-
guished cone-pairs. Recall that a (finite-dimensional) convex
cone is a proper subset of a (finite-dimensional) real vector
space closed under multiplication by nonnegative scalars and
under addition. In our usage, the term will refer to regular
convex cones, that is, cones that are pointed (contain no sub-
space other than {0}), generating (so that the linear span of
the cone is the full ambient vector space) and topologically
closed. Let V, V ∗ respectively denote a real linear space and
its dual, that is, the space of all linear functionals from V to R.
Given a convex cone C ⊆ V and a distinguished functional
λ ∈ V ∗, we associate states to normalized elements in x ∈ C,
satisfying λ(x) = 1. We require that λ separate C from −C,
equivalently that the only element x ∈ C for which λ(x) = 0
is x = 0, and we also require that λ(C) ≥ 0. These conditions
are imposed so that (given the regularity of the cone) the set Cˆ
of normalized states in C is a compact convex set. Also, each
element of C can be written as αx for some unique x ∈ Cˆ,
α > 0 (in other words, Cˆ is a base for the cone). Thus C
may be thought of as the set of unnormalized states: multiples
of the normalized states which belong to Cˆ. We will use the
term extremal state to mean an extremal element of Cˆ, in the
standard sense that it cannot be written as a nontrivial convex
combination of two distinct elements of Cˆ . But where it is
clear that the state is in general unnormalized, we may use the
term extremal state to refer to an unnormalized state belong-
ing to an extremal ray of C, that is, a nonnegative multiple of
an extremal normalized state (29).
The operational interpretation of the above construction
also requires us to consider the dual cone C∗ = {α ∈ V ∗|
α(x) ≥ 0 ∀x ∈ C}, which consists of the functionals nonneg-
ative on C. C∗ is interpreted as the set of possible “effects,”
corresponding to “unnormalized” measurement outcomes, for
states in C; α(x), which is nonnegative for all x ∈ C, is inter-
preted as an (unnormalized) probability for outcome α when
the state is x. Observe that the distinguished functional λ (of-
ten called the “unit” or “order unit”) belongs to C∗: It is the
measurement outcome that has probability 1 in all states. The
interval [0, λ] ⊆ C∗ defined by {α ∈ C∗ |α ∈ C, λ−α ∈ C}
corresponds to outcomes normalized so that they can appear
in a measurement, as it is easily verified that [0, λ] is precisely
the set of functionals such that for all x ∈ Cˆ, 0 ≤ α(x) ≤ 1,
enforcing that probabilities for measurement outcomes lie in
[0, 1]. Measurements with a finite set of outcomes correspond
to finite resolutions of the unit into elements of [0, λ]: finite se-
quences αi of elements of [0, λ] such that
∑
i αi = λ, which,
as is easily checked, enforces that the probabilities of the mea-
surement outcomes i sum to 1 in all states, i.e.
∑
i αi(x) = 1.
Note that for many (but not all) purposes it may be easier to ig-
nore this additional derived structure of a dual cone and a unit
5interval within it, viewing V ∗ as simply a set of real-valued
linear-in-the-states “observables” and the states in C as deter-
mining their expectation values.
GE may be defined once a pair of distinguished state-sets –
generalizing the distinction between states as accessible to a
“local” as opposed to a “global” observer – and a choice of an
appropriate normalization-preserving linear map – generaliz-
ing the notion of computing the reduced density operator for
bipartite systems – are specified:
Definition. Let V,W be real linear spaces equipped with
distinguished convex cones C ⊂ V,D ⊂ W and positive
semidefinite linear functionals λ ∈ C∗, λ˜ ∈ D∗ satisfying
the requirements discussed above. Let π : V → W be a
normalization-preserving linear map taking C onto D that is,
i) π(C) = D, and
ii) π({x ∈ V |λ(x) = 1}) = {y ∈W | λ˜(y) = 1}.
A pure (extremal) state x ∈ C is generalized unentangled
relative to D if its image π(x) is pure (extremal) in D. A
mixed (non-extremal) state in z ∈ C is generalized unen-
tangled relative to D if z =
∑
a waxa, for positive numbers
wa ≥ 0 and extreme points xa ∈ C whose images π(xa) are
extreme in D.
Note that this definition applies in general to unnormalized
states, but includes normalized ones. In case the states are
normalized, it coincides with a natural restricted definition, in
which C,D are replaced by Cˆ, Dˆ above, and extremality is
taken in the convex-sets sense as extremality in Cˆ, Dˆ. Con-
dition ii) on the map π guarantees that this makes sense, by
ensuring that Cˆ is mapped to Dˆ.
A. GE settings
In physical applications, the distinguished functional λ is
identified with the trace map, and the reduced state-set asso-
ciated with D is obtained by selecting a preferred subspace
Ω ⊆ B(H) of “local” observables for S. In particular, the
above general definition may be specialized to the following
relevant entanglement settings (22):
GE1: Distinguished quantum observables setting. C is
isomorphic to the convex coneΥ of quantum states onH (pos-
itive normalized functionals η induced by positive multiples
of density operators), and V ∗ is viewed as the subspace of
Hermitian operators in B(H), with X [η] = Tr(ρηX) giving
the expectation value of observable X in state ρη. Elements
in V = (V ∗)∗ are arbitrary linear functionals defined so that
ξ[X ] = X [ξ], for all X ∈ V ∗, ξ ∈ V . Let the distinguished
observable space be any real linear subspace Ω ≡ W ∗ ⊂ V ∗.
Then the coneD ⊂W ofΩ-reduced unnormalized states may
be obtained as the image of C under the map π : V 7→ W
which restricts elements of V to observables in the distin-
guished set, i.e. for η ∈ V , π(η) is defined by the condition
that for all X ∈ W ∗ = Ω, π(η)[X ] = η(X). Thus, elements
in D may be seen as lists of expectation values for observables
in Ω.
GE2: Hermitian-closed operator subspace setting. In
this case, the distinguished observable space Ω consists of the
Hermitian operators in a linear subspace V ⊂ B(H) contain-
ing the identity and closed under Hermitian conjugation. This
formulation turns out to be fully equivalent to the GE1-setting
defined above.
GE3: Lie-algebraic setting. In situations where the
Hilbert space H of S may be identified with the representa-
tion space of a (Hermitian-closed) Lie algebra h, it is natu-
ral to identify Ω = h, with the corresponding cone D of re-
duced h-states consisting of linear functionals on h induced
from positive normalized operators in B(H) upon restriction
to W ∗ = Ω. By construction, this setting is a special case of
GE1. Under the additional assumptions that h is semi-simple
and acts irreducibly onH, this setting leads to an explicit char-
acterization of the set of pure generalized unentangled states,
which are identical with the set of so-called generalized co-
herent states (GCSs) of h (15; 41).
GE4: Associative-algebraic setting. Here, the distin-
guished set Ω consists of the Hermitian elements of an as-
sociative sub-algebraA of B(H). This case may also be seen
as a special instance of GE1. Under the additional assumption
thatA partitions into a collection of independently accessible,
mutually commuting associative sub-algebras {Ai} satisfying
⊗iAi ≃ B(H) (or generalizations where a proper “coding”
subspace C ⊂ H is considered), this setting is directly relevant
to identifying observable-induced subsystem-decompositions
as in (18).
B. GE measures
As with standard entanglement, no single measure can, in
general, uniquely characterize the GE properties of a state.
However, the observation that standard pure-state entangle-
ment translates into mixedness (loss of purity) of the reduced
subsystem states naturally suggests seeking a way to quantify
the degree of purity relative to the distinguished observable
set.
Let Ω be a Hermitian-closed set, and let {Xα} be an or-
thonormal basis of Ω, Tr(XαXβ) = δαβ . Then for every
density operator ρ on S, the projection of ρ onto Ω may be
defined via
PΩ(ρ) =
∑
α
Tr(ρXα)Xα .
PΩ(ρ) may be regarded as the “Ω-reduced” density operator
associated to ρ, although (unlike in the standard multipartite
case) PΩ(ρ) is not necessarily positive semidefinite: the posi-
tivity of Tr(PΩ(ρ)X) does not in general hold for all positive
semidefinite observablesX ; although if we included the iden-
tity in Ω, it is assured for those X belonging to Ω.
Definition. For any density operator ρ ∈ Υ, the purity of
ρ relative to Ω (Ω-purity) is given by the squared length of its
Ω-reduced density operator that is,
PΩ(ρ) = Tr(PΩ(ρ)2) =
∑
α
|Tr(ρXα)|2 . (11)
6In particular, if ρ = |ψ〉〈ψ| is pure, we simply write
PΩ(|ψ〉) =
∑
α
|〈ψ|Xα|ψ〉|2 . (12)
By construction, 0 ≤ PΩ(ρ) ≤ P (ρ) ≡ Tr(ρ2). Also note
that PΩ(|ψ〉) = 1/d+ PΩ0(|ψ〉), where Ω0 ⊆ Ω denotes the
distinguished traceless sector. It is often convenient to discard
the constant trace-contribution, in which case the common
normalization constant for the (traceless) Xα is adjusted so
to rescale the maximum of PΩ0 to 1. In the Lie-algebraic set-
ting GE3, the h-purity so constructed is automatically invari-
ant under arbitrary unitary transformations in the Lie group
generated by h, as is desirable on physical grounds.
The usefulness of the Ω-purity as a measure of pure-state
GE in various settings is summarized in the following Theo-
rem, proved in (15) and (22):
Theorem. i) In the irreducible Lie-algebraic and
associative-algebraic settings, a pure state |ψ〉 ∈ H is general-
ized unentangled relative to Ω if and only if PΩ(|ψ〉) is max-
imal. ii) In the Hermitian-closed operator setting (including
reducibly represented operator algebras), states with maximal
PΩ-purity are generalized unentangled relative to Ω.
A complete characterization of the relationship between
maximal relative purity and generalized unentanglement still
remains an interesting open question in the general convex
cone framework. We refer the reader to the above-mentioned
papers for an extended discussion of this issue, as well as for
the construction of appropriate mixed-state GE measures. In
what follows, we focus on developing concrete intuition about
GE based on several illustrative examples.
IV. GENERALIZED ENTANGLEMENT BY EXAMPLE
A. Entanglement with respect to local observables
Assume that the system S is composed of n distinguishable
subsystems, corresponding to a Hilbert-space factorization of
the form
H ≃ H1 ⊗ . . .⊗Hn, (13)
where for simplicity we take the factors to be isodimensional,
dim(Hℓ) = d0 for all ℓ, dn0 = d.
1. The Lie-algebraic setting
Contact with the standard multipartite entanglement frame-
work may be established by realizing that full local accessibil-
ity of individual subsystem states identifies the set of arbitrary
local observables as the physically distinguished set. Let
Ωloc ≡ hloc = su(d0)1 ⊕ . . .⊕ su(d0)n (14)
denote the relevant (irreducible) Lie algebra of traceless local
observables, generalizing the bipartite qubit case of Eq. (5).
For each su(d0)ℓ, an orthonormal (in the trace inner product)
basis {xα}, α = 1, . . . , d20−1, may be constructed in analogy
to (normalized) Pauli operators. Thus Tr(xαxβ) = δα,β . An
overall orthonormal basis for hloc is then obtained by extend-
ing each xℓα to act non-trivially only on subsystem ℓ, e.g.
x(1)α = xα ⊗ 1 (2) ⊗ . . .⊗ 1 (n), 1 (ℓ) = 1/
√
d0 .
While a formal proof of the equivalence between standard en-
tanglement and GE relative to arbitrary local observables is
given in (15), the basic step follows from identifying reduced
local states with lists of expectations of xℓα: Because the latter
completely determine reduced density operators (in the usual
partial-trace sense), and a pure state |ψ〉 ∈ H is entangled (in
the standard sense) if and only if all its reduced density op-
erators remain pure, the two notions coincide on pure states.
By convexity, they can also be shown to coincide on mixed
states. Consistently, GCSs of hloc may be associated to or-
bits of a reference state like |0 . . . 0〉 under the group of local
(special) unitary transformations, SU(d0)1 ⊗ . . .⊗ SU(d0)n.
The connection with the ordinary entanglement framework
may be further quantitatively appreciated by relating the lo-
cal purity Ph ≡ Ploc to the conventional subsystem purities
determined by reduced subsystem states. One finds (21)
Ploc(|ψ〉) = d0
d0 − 1
( 1
n
n∑
ℓ=1
Tr(ρ2ℓ)−
1
d0
)
, (15)
where ρl denotes as usual the reduced density operator of sub-
system ℓ. Thus, Ploc is proportional to the average subsystem
purity. For the special case of qubits (d0 = 2), the local GE
as quantified by Ploc is additionally simply related (25; 30)
to a measure of global multipartite entanglementQ originally
proposed in (31), Ploc(|ψ〉) = 1−Q(|ψ〉).
2. A three-qubit case study
It is essential to realize that in order for the equivalence be-
tween multipartite subsystem entanglement and GE to hold,
all and only local observables must be distinguished. A con-
crete example may serve to further illustrate these points. Let
S consists of three qubits. The local algebra is given by
Ω1 = su(2)1 ⊕ su(2)2 ⊕ su(2)3 , (16)
with corresponding local purity given by
P1(|ψ〉) = 1
3
3∑
ℓ=1
∑
α=x,y,z
〈σ(ℓ)α 〉2 .
This distinguishes four classes of states with different multi-
partite (and GE) properties: P1(|ψ〉) = 1 on arbitrary product
states, which are thus unentangled; P1(|ψ〉) = 1/3 on so-
called bi-separable states – joint states e.g. of the form
|B12〉 = |Bell〉12 ⊗ |φ〉3 ,
and similar for states |B13〉, |B23〉 where qubit 2, 3 are factored
out, respectively. Next, P1(|ψ〉) = 1/9 for |ψ〉 belonging to
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|W〉 = 1√
3
(|001〉+ |010〉+ |100〉) ,
and P1(|ψ〉) = 0 on the Greenberger-Horne-Zeilinger (GHZ)
class,
|GHZ〉 = 1√
2
(|000〉+ |111〉) ,
identifying the latter as maximally entangled with respect to
local observables.
Suppose, however, that “local” resources are redefined, so
that arbitrary unitary operations on the first pair are distin-
guished – that is, we effectively replace Ω1 with
Ω2 = su(4)12 ⊕ su(2)3 , (17)
and, correspondingly, we compute the new “bi-local” purity
P2(|ψ〉) by using an appropriate basis of Ω2 – including 6
bilinear Pauli operators in addition to the 9 of Ω1. How does
the above classification change? Were qubit 3 not present,
then clearly any pure state in H1⊗H2 would be disentangled
relative to the full algebra su(4)12. With qubit 3 included,
one still expects any internal structure within qubits 1 and 2 to
be irrelevant, as long as the pair reduced state remains pure.
This intuition is reflected by behavior of P2(|ψ〉), which now
attains its maximum on both product states as before and the
bi-separable class B12 – which thus becomes extremal. Both
B23 and B13 become maximally generalized entangled relative
to this observer, along with |GHZ〉 (P2 = 1/3), whereas the |W〉
class shows intermediate GE with P2(|W〉) = 11/27.
Other interesting scenarios may be conceived, which re-
semble in part ordinary entanglement – in the sense that par-
tial accessibility of subsystems in H is retained – yet differ in
the identification of actual “local” degrees of freedom – as ob-
servables spaces on different factors overlap. Suppose, for in-
stance, that qubits 1, 2, 3 are spatially separated and arranged
on a line, or reside at the vertexes of a triangle, with physical
transformations generated by nearest-neighbor two-body cou-
plings in the first case, or arbitrary two-body couplings in the
second one. Then the resulting operational constraints are nat-
urally captured by distinguished observable sets of the form
Ω3 = spanR{σ(1)a ⊗ σ(2)b ⊗ 1 (3), 1 (1) ⊗ σ(2)b ⊗ σ(3)c } , (18)
or, respectively,
Ω4 = spanR{ σ(1)a ⊗σ(2)b ⊗ 1 (3), 1 (1) ⊗ σ(2)b ⊗ σ(3)c ,
σ
(1)
a ⊗1 (2) ⊗ σ(3)c } . (19)
A formal analysis of GE relative to the above distinguished
sets is technically more difficult as neither of Ω3,4 is a Lie
algebra. While such an analysis is beyond our current pur-
poses, following the GE behavior of different classes of pure
states as observables are added through the progressionΩ1 →
Ω2 → Ω3 → Ω4 clearly serves to illustrate how GE is di-
rectly observer-dependent irrespective of whether a direct cor-
respondence is possible between the concept of “locality” and
“locally accessible” subsystem degrees of freedom: note, in
particular, that relative to Ω4 every bi-separable pure state of
the three qubits becomes extremal – thus generalized unentan-
gled, consistently with physical intuition.
3. The convex cones setting; GE in Popescu-Rohrlich boxes
Although the convex cones setting is more general than
quantum mechanics, in this setting one may still define a nat-
ural notion of one system’s being a subsystem of another, and
of a system’s being a tensor product of two systems. In this
case, however, the notion of tensor product is not unique. For
our purposes, we will (as in (32)) allow as a tensor product of
cones C1 ⊂ V2 and C2 ⊂ V2 any cone Γ in V1 ⊗ V2, with
base Γˆ containing the separable tensor product Cˆ1 ⊗sep Cˆ2,
and contained in the maximal tensor product Cˆ1 ⊗max Cˆ2.
Both the separable and maximal tensor product constructions
admit a simple interpretation. The separable tensor product
is the convex hull of the products x ⊗ y, x ∈ Cˆ2, y ∈ Cˆ2.
These product states are just the natural generalization of clas-
sical product distributions and quantum product states: for
any pair of observables on C1 and C2, the joint probability
given by such states, for outcome-pairs, factorizes as a prod-
uct of marginal distributions for the two systems. The maxi-
mal tensor product is just (C∗1 ⊗sep C∗2 )∗, i.e. it is the set of
unnormalized states that are nonnegative on all “product out-
comes”. States in the maximal tensor product are precisely
those that do not allow signalling. This general notion of
tensor product appeared in (33), and (in a slightly different
but essentially equivalent formalism of test spaces) the no-
signalling construction of the maximal tensor product is done
in (34; 35). A review of the latter (with additional results on
certain tensor products of two quantum systems) can be found
in (36), along with many references to related work, and the
notion of “system combination” independently developed in
(37) should also be noted as closely related.
One can specialize our GE notion (and, correspondingly,
generalize the notion of bipartite quantum entanglement) to
such a tensor product, by lettingD ⊂ V1⊗V2 be the cone gen-
erated by restricting states in Γ to the space of effects spanned
by {x ⊗ λ, λ ⊗ y |x ∈ C∗1 , y ∈ C∗2}. There is a natural map
π satisfying the conditions stated in the definition of GE. For
any state ω in Γ, its marginal states ω1, ω2 on system 1 or 2
may be defined as the restrictions of π to the spaces of observ-
ables on system 1 or 2 respectively, i.e., to {x⊗λ |x ∈ C1} or
{λ⊗ y | y ∈ C∗2}. The reduced states π(ω) ∈ D are thus just
pairs (ω1, ω2) of marginal states, and whatever tensor prod-
uct between the maximal and the separable is chosen, it turns
out that, relative to D and π, the unentangled bipartite states
in that tensor product are just the ones in the separable ten-
sor product. That is, pure unentangled states are just products
of pure (extremal) states, and general unentangled states are
convex combinations of these. This follows from the fact (see
e.g. Lemma 3 of (32), though this is almost certainly not its
first appearance) that if either marginal state of some state in
a bipartite tensor product as we have defined it, is pure, the
bipartite state is a product state.
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distinction between product and entangled pure states, con-
sider the extremal states of a pair of two-output, two-input
Popescu-Rohrlich (PR) boxes. In terms of convex sets, a sin-
gle such box may be viewed as having a state space that is
polyhedral with square base. This can be visualized in R3,
although it is in some ways more natural to view as a non-
generating cone in R4, as the interpretation below will clar-
ify. Suppose we have chosen an orthonormal basis, and let
the distinguished (λ(x) = 1) square base lie in the plane per-
pendicular to a line between the center of the square base and
the origin. The cone of unnormalized measurement outcomes
(the dual cone to this) is thus also a square polyhedral cone:
if we visualize it in the same space and represent evaluation
of functionals by the Euclidean inner product in this space, it
will be rotated by π/4, relative to the primal cone, around the
line through the center of the square and the origin (and also
uniformly dilated or contracted relative to it). No matter how
we affinely embed the primal cone in R3, the dual cone will
not coincide with it, so this cone does not enjoy the important
property of self-duality, but it is still isomorphic to its dual.
The interpretation of the states is in terms of two alterna-
tive measurements, each having two possible outcomes, the
measurements labelled in the usual PR box formalism by an
“input” bit specifying which measurement is to be done, and
the outcome of each measurement by an “output” bit – so
that, taken together, these two measurements have a total of
four possible measurement outcomes, each corresponding to
a pair of an input and an output bit. Pictorially, such out-
comes correspond to points on the four extremal rays of the
dual cones. View the square state space as embedded in R2,
so that the vertexes are (0, 0), (0, 1), (1, 1), (1, 0) as we go
clockwise around the square base, and arbitrary states corre-
spond to points (p0, p1) ∈ [0, 1] × [0, 1]. Interpret p0 as the
probability of measurement 0 yielding the result 0, (1−p0) as
the probability of it yielding the result 1, p1 as the probability
of measurement 1 yielding 0, and (1 − p1) as the probabil-
ity of measurement 1 yielding 1. Thus, the two-parameter
representation of the state can be viewed as the result of an
affine embedding of the subset of the four-parameter states
(p0|0, p1|0, p0|1, p1|1), satisfying the normalization constraints
p0|0 + p1|0 = 1, p0|1 + p1|1 = 1, into R2. Similarly the cone
of unnormalized states in R3 can be viewed as an isomorphic
affine image (embedding) of the three-dimensional subspace
of the four parameter states in the octant R4+ satisfying the
constraint p0|0 + p1|0 = p0|1 + p1|1.
By a similar construction, analogous boxes can be defined
for an arbitrary finite number of “inputs”N (corresponding to
alternative measurements), and numbers Mi, i ∈ {1, ..., N}
of possible outputs for each measurement (usually taken to
be a number M independent of i). Such sets of alternative
measurements are also known in the quantum logic literature
as semi-classical test spaces (38).
The state-space of a pair of PR boxes is just the maximal
tensor product of the state spaces of two PR boxes: it was
introduced (39) in the PR box literature as the set of all pos-
sible states of correlations between the outcomes of two PR
boxes that do not permit signalling. This state space is a poly-
tope; it has been studied in (40) and, in particular, its extremal
points for the two-input, d-output case have been explicitly
described. For our case, d = 2, there are two types of ex-
tremal states. They are best understood by exhibiting states as
4×4matrices of probabilities pij|kl, where ij is the pair of Al-
ice’s outcome label, Bob’s outcome label (“outputs”), and kl
is the pair of Alice’s measurement, Bob’s measurement (“in-
puts”). Thus the matrix has a natural 2 × 2 block structure,
the ij-th block being the 2 × 2 matrix for the probabilities of
the four possible Alice/Bob outcome-pairs when Alice does
measurement k, Bob measurement l. That is, explicitly,

p00|00 p01|00 p00|01 p01|01
p10|00 p11|00 p10|01 p11|01
p00|10 p01|10 p00|11 p01|11
p10|10 p11|10 p10|11 p11|11

 . (20)
The standard normalization condition is that the probabili-
ties within each block sum to 1. Bob’s marginal state is the
vector of column sums of the upper half of the matrix, inter-
preted as (p0|0, p1|0, p0|1, p1|1); the condition that Alice can-
not signal to Bob translates into the fact that this is equal to
the vector of column sums of the lower half of the matrix (i.e.,
Bob’s probabilities are independent of Alice’s choice of mea-
surement). Similarly, Alice’s marginals are the row sums of
the left half of the matrix, equal by no-signalling to those of
the right half. The fact that these are linear equality constraints
(and the positivity constraint on probabilities a linear inequal-
ity constraint) is what makes the no-signalling state-space a
polytope and, consequently, makes the cone of unnormalized
states a polyhedral cone.
The extremal points were found and classified in (40) and,
as mentioned, are of two types. One is represented by the
following state: 

1 0 1 0
0 0 0 0
1 0 1 0
0 0 0 0

 . (21)
Alice’s reduced state is just the marginal state (1, 0, 1, 0), as
is Bob’s; these are both extremal states, so this is generalized
unentangled by our definition: indeed, it can also easily be
seen to be a product state, pij|kl = pAi|kpBj|l. There are 16
representatives of this class, representing products of each of
the four local extremal states for Alice with each of four local
extremal states for Bob.
The other class consists of eight entangled extremal states.
These are all locally equivalent to the representative:

1
2 0
1
2 0
0 12 0
1
2
1
2 0 0
1
2
0 12
1
2 0

 . (22)
In this case, both Alice and Bob’s marginals are the mixed
state (12 ,
1
2 ,
1
2 ,
1
2 ), showing (given that these are extremal over-
all, as proved in (40)) that this state is generalized entangled
9by our definition. Of course, the fact that this is entangled
in the sense that it is a pure non-product state was already
observed in (40). As noted there, the other 15 pure product
states, and the other 7 pure entangled states, can be obtained
from the above two states by local transformations consisting
of relabeling the measurements and the outcomes. The entan-
gled states, for example, may be described via the shorthandA
(for anti-correlated) for the 2× 2 matrix that looks like σx/2,
and C (for correlated) for the 2 × 2 matrix 1/2. In this way,
the above entangled state reads:(
C C
C A
)
, (23)
and all 8 entangled states may be obtained by noting that
relabeling the measurements just interchanges rows and/or
columns – allowing us, with a few such relabellings, to place
the A in any of the four places, whereas relabeling the out-
comes of one of Alice’s or Bob’s measurements interchanges
C and A in the row (for Alice) or column (for Bob) corre-
sponding to that measurement – allowing us access to the four
states having three A’s and one C.
Ref. (40) also describes the single local equivalence class
of entangled pure states of a pair of two-measurement, d-
outcome boxes, and some of the 44 local equivalence classes
of entangled pure states of three two-measurement, two-
outcome boxes, along with many other interesting results, for
example on local interconversion of various combinations of
states of PR boxes. Further properties of operational theories
based on PR boxes are investigated in (37).
B. Entanglement without locality...
The extent to which the GE notion genuinely enlarges the
standard subsystem-based framework may be further appreci-
ated in situations where H is intrinsically indecomposable –
thus no factorization of H exists and conventional entangle-
ment is not directly applicable. A physically motivated ex-
ample is offered by a quantum spin-J system (take for def-
initeness J ∈ N), whose d = (2J + 1)-dimensional state
space carries an irreducible representation of su(2), with an-
gular momentum generators Jα satisfying commutation rules
[Jα, Jβ ] = 2iǫαβγJγ , ǫαβγ denoting the completely antisym-
metric tensor. Because the GE notion rests only on convex
properties of sets of quantum states and observables, the def-
inition of GE is still applicable as soon as distinguished ob-
servable sets are specified. In particular, the full algebra of
traceless observables g is isomorphic to g ≃ su(d): clearly,
expectations in g completely determine an arbitrary pure state
in H – accordingly, every pure state is (extremal) unentangled
relative to g.
Imagine, however, that only expectations of observables in
the “local” sub-algebra h = su(2) are available. In this case,
h-reduced states may be identified with three-dimensional
vectors of expectation values 〈Jα〉, α = x, y, z, which form
a ball of radius J in R3. Using the notation J for the vector
(Jx, Jy, Jz), these are vectors 〈J〉. In addition, J2 = J · J =
J2x + J
2
y + J
2
z . The extremal states corresponds geometrically
to points on the surface of such a ball, that is to the GCSs of
SU(2) – also called spin coherent states (SCSs) (41) – which
are characterized by maximal spin projection along a given
component,
(n · J)|ψ〉SCS = J |ψ〉SCS, |n| = 1 .
For any given choice of spin direction, e.g. n = zˆ, let
{|J, J〉,|J, J − 1〉, . . . , |J, 0〉, . . . , |J,−J +1〉, |J,−J〉} be an
orthonormal basis of H consisting of joint J2, Jz eigenstates.
Then states |J,±J〉 lie on the surface and therefore are gen-
eralized unentangled, whereas the remaining states lie on the
inside, so are not extremal: in particular, the state |J, 0〉 lies
on the middle of the sphere and is maximally entangled rel-
ative to su(2). Mathematically, this is reflected in minimal
su(2)-purity,
Psu(2)(|J, 0〉) =
1
J2
∑
α=x,y,z
〈J, 0|Jα|J, 0〉2 = 0 .
Physically, the presence of GE captures the fact that no “local”
unitary operation (no rotation in SU(2)) is able to connect such
a state with extremal states on the surface: achieving that re-
quires “entangling” operations generated by Hamiltonians in
the full g.
Note that because h is irreducible, the h-purity coincides,
up to an additive constant, with the quantity
(∆I)2 =
∑
α
[〈J2α〉 − 〈Jα〉2] = J(J + 1)− J2Psu(2) ,
which measures the so-called invariant uncertainty of SU(2)
and is minimized by GCSs (41; 43). From this point of view,
generalized unentangled (entangled) states may thus be seen
as maximally close to (remote from) “classical reality” – as
measured by the corresponding minimal (maximal) amount
of quantum fluctuations (19; 20).
C. Separability without entanglement...
A further element of distinction between conventional and
generalized entanglement arises in situations where a local
structure exists in H as in Eq. (13), but operational capabil-
ities are restricted to a proper subset of local observables.
Consider, for instance, two spin-J particles, with associated
bipartite Hilbert space H = H1 ⊗H2, d0 = 2J + 1, and full
observable Lie algebra g ≃ su(d2). Arbitrary (subsystem)-
local observables correspond to hloc ≃ su(d)1 ⊕ su(d)2. If,
as in the above example, only observables linear in the ba-
sic angular momentum generators are distinguished for each
subsystem, then the accessible “local” sub-algebra is
h′loc = su(2)1 ⊕ su(2)2 ⊂ hloc .
The set of generalized unentangled states relative to h′loc con-
sists of states of the form |SCS〉1 ⊗ |SCS〉2. However, other
tensor product states like |J, 0〉1 ⊗ |J, 0〉2 are maximally en-
tangled relative to the local sub-algebra: to fully “resolve” the
product nature of such states requires access to expectations
of arbitrary observables in hloc.
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D. Fermionic entanglement
As a last example, we reconsider the simplest instance of
entanglement in systems of indistinguishable fermions, briefly
mentioned at the end of Sect. II.
Because the requirement of complete antisymmetry of the
joint state vector under particle exchange is automatically in-
corporated, identical (spinless) fermions are most naturally
described in a second-quantized language based on canoni-
cal fermion operators. Consider two identical fermions, each
of which may occupy one of two modes (26). For each mode
j = 1, 2, let c†j , cj denote creation and annihilation operators
respectively, obeying the following anti-commutation rules:
[ci, cj ]+ = [c
†
i , c
†
j ]+ = 0 ,
[c†i , cj]+ = δij ,
where [ , ]+ denotes the anti-commutator. Let in addi-
tion |vac〉 denote a reference “vacuum” state containing no
fermions. For instance, we may associate mode 1 with Alice
and mode 2 with Bob, who reside at spatially separated loca-
tions. Then a state where a fermion is created at Alice’s site
corresponds to |c†1〉 ≡ c†1|vac〉, and so on.
What kind of entanglement is physically meaningful in
fermionic states? Insight into this question may be sought by
changing the description into a more familiar spin language,
by exploiting the Jordan-Wigner mapping between the above
fermionic operators and the Pauli algebra,
S
(1)
+ = c
†
1, S
(1)
− = (S
(1)
+ )
† ,
S
(2)
+ = (1 − 2n1)c†2, S(2)− = (S(2)+ )†,
where nˆ1 = c†1c1 is the fermion number operator for mode 1,
and the operators S(j)± = (σ
(j)
x ± iσ(j)y )/2 so constructed obey
su(2) commutation rules. Then the following correspondence
may be established between states in the usual spin- 12 basis{|0〉, |1〉} and fermionic states
|00〉 ↔ |vac〉 ,
|01〉 ↔ c†1|vac〉 ,
|10〉 ↔ c†2|vac〉 ,
|11〉 ↔ c†1c†2|vac〉 . (24)
Presumably, we would want none of these states (containing,
respectively, zero, one, one, and two fermions at different lo-
cations) to be “entangled” by any reasonable definition. What
about the set of Bell states given in Eq. (3)? By applying the
Jordan-Wigner mapping, these can be rewritten as follows:
|Φ±〉 = 1√
2
(|01〉 ± |10〉) ↔ 1√
2
(c†1 ± c†2)|vac〉 ,
|Ψ±〉 = 1√
2
(|00〉 ± |11〉) ↔ 1√
2
(1 ± c†1c†2)|vac〉 =
=
1√
2
(|vac〉 ± c†1c†2|vac〉) .
Note that states in the upper line are still states with a fixed
number of particles (one particle), which are described in
general by so-called “Slater determinants” in the condensed-
matter terminology. States in the bottom line, in contrast, are
linear combinations of states with zero and two fermions that
is, linear combinations of Slater determinants with different
particle number.
Suppose we consider an arbitrary physical scenario or pro-
cess where no change of the fermion number in a state can oc-
cur. Then admissible physical observables for fermions must
commute with the total fermion operator,
Nˆ = nˆ1 + nˆ2 → σ
(1)
z
2
+
σ
(2)
z
2
− 1 = Sz − 1 ,
which recovers precisely the conservation law discussed in
Sect. II. In fact, bilinear fermion operators of the form
{c†icj , 1 ≤ i, j ≤ 2}may be seen to satisfy u(2)-commutation
rules (25), which makes the latter a natural candidate for a dis-
tinguished fermionic observable set. A larger fermionic alge-
bra arises if arbitrary bilinear fermion operators are included
(e.g. operators of the form c†i c†j), leading to so(4) ⊃ u(2).
Written in the fermionic language, the u(2) Lie algebra given
in Eq. (10) becomes
u(2) = span
R
{nˆ1 − 1/2, nˆ2 − 1/2, (c†1c2 + c†2c1)/
√
2,
i(c†1c2 − c†2c1)/
√
2} .
The corresponding u(2)-purity, Pu(2), (computed either in the
fermionic or in the spin language) attains its maximum on
both the number eigenstates of Eq. (24) and the two Bell states
|Φ±〉. Thus, the latter states are certainly “mode-entangled”
with respect to the local spin algebraΩloc, but generalized un-
entangled relative to the fermionic algebra, consistent with the
original intuition about their one-particle nature. In contrast,
states |Ψ±〉 have zero u(2)-purity, thus they are maximally en-
tangled both in the conventional spin sense and relative to the
u(2) observer. That is, states |Ψ±〉 contain genuine fermionic
entanglement – irrespective of the operator language used.
Physically, this expresses the fact that a linear combination of
Slater determinants with different fermion numbers cannot be
distinguished from a mixture by relying solely on expectations
in u(2): indeed, distinguishing would involve expectations of
operators (like e.g. σ(1)x ⊗ σ(2)x in so(4)) which have non-zero
matrix elements between states of different fermion number,
hence require the above conservation law to be broken (44).
V. GENERALIZED ENTANGLEMENT: APPLICATIONS
AND IMPLICATIONS (SO FAR...)
The GE notion has proved so far a powerful unifying frame-
work for linking entanglement properties to various physical,
information-theoretic, and conceptual aspects of “complex-
ity” and “classicality” emerging in a variety of scenarios.
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A. Complexity implications
Following one of the original motivations underlying GE
(25; 26), purity measures associated to appropriate observ-
able subspaces are providing novel diagnostic tools for char-
acterizing the “correlations” present in eigenstates of inter-
acting quantum many-body Hamiltonians – allowing natural
contact to be established with state-complexity notions like
the number of principal components or the inverse partici-
pation ratio, borrowed from quantum statistical physics (45).
Two situations are especially relevant in this regard, and have
been the subject of intense investigation recently (see e.g.
(46; 47; 48; 49) and references therein). On one hand, the
correlations present in the ground-state of a many-body sys-
tem may undergo a structural change as some parameters in
the Hamiltonian are changed at zero temperature across “crit-
ical” values – giving rise to so-called “quantum phase tran-
sitions” in the limit of infinite-system size. In this case, nat-
ural Lie-algebraic GE measures constructed from fermionic
and/or spin operators have made it possible to successfully
identify and characterize the ensuing critical behavior in a
large class of transitions induced by a spontaneous symmetry
breaking (25; 50). On the other hand, structural changes may
also take place for any typical many-body state if the addi-
tion of a perturbation or disorder to the original Hamiltonian
causes a crossover from a regular, “integrable” regime into
non-integrability and so-called “quantum chaos”. The onset
of chaos may in turn manifest itself at both the static level –
in terms, for instance, of different eigenvector statistics as de-
scribed by so-called “random matrix theory” (51) – and at the
dynamic level – in terms of different behavior of quantum “fi-
delity” as a function of time (52; 53; 54), or hypersensitivity
to perturbations (55; 56). Investigations in paradigmatic sys-
tems such as disordered quantum spin lattices (57) and chaotic
quantum maps (58) have given clear indication so far that GE
and GE generation with respect to appropriate observables can
serve as reliable indicators for detecting and probing quantum
chaos.
Suggestively, the GE notion has also recently shed light on
the conditions needed to unlock the full power of quantum
computational models as compared to purely classical ones.
For a large class of “Lie-algebraic quantum computations”,
which are specified through controllable interactions and mea-
surable observables in a Lie algebra g and initialization of the
system in a GCS of g, the results in (59) demonstrate how
GE is required for genuinely stronger-than-classical computa-
tional models to emerge.
B. Classicality implications
If we consider a quantum system with the distinguished set
of observables consisting of all those observables diagonal in
some fixed basis (a special case of the associative-algebraic
setting, in fact a case where the associative algebra is commu-
tative), the generalized unentangled states are precisely the set
of density matrices diagonal in that basis. Often the selection
of such a distinguished basis is viewed as the selection of a
distinguished “classical” set of states because dynamics that
preserve diagonality of density matrices in such a basis, to-
gether with measurements of observables diagonal in the same
basis, are equivalent to a classical theory on a number of clas-
sical states equal to the dimension. This notion also general-
izes to the convex cones setting as follows. In (32), clonable
sets of states were shown to be jointly distinguishable by a sin-
gle measurement, and vice versa. Also, broadcastable sets of
states were shown to belong to the convex hull of such a set of
jointly distinguishable states (which we term a “simplex gen-
erated by distinguishable states”, or SGDS). Indeed, for any
map B from a convex set Ω to a tensor product Ω⊗Ω, the set
of states broadcast byB was shown to be precisely such a sim-
plex (though for some maps it will be the empty set, viewed
as a degenerate case of such a simplex). A (finitely generated)
simplex is the convex hull of n or fewer points in Rn, for
some finite n; the theory whose set of normalized states is an
n-simplex in Rn and whose cone of measurements is the dual
of this (which is also based on an n-simplex), is classical. As
the projectors |i〉〈i| onto the states of some orthonormal basis
form a d-dimensional simplex in the d2-dimensional space of
Hermitian operators on a d-dimensional quantum system, and
as they are distinguishable by a single measurement, they are
a special case of an SGDS as defined above. For an SGDS
generated by states ωi ∈ C, if ai ∈ C∗ such that
∑
i ai = λ is
a measurement distinguishing the states ωi, then we may take
as our cone D the cone of reduced states, defined as the re-
strictions of states in C to the space of functionals in the span
of the ai. Then states in the SGDS are precisely the general-
ized unentangled states relative to the observables generated
by the ai: that is, classical states with respect to this set of
distinguished observables.
The problem of identifying classicality aspects of gener-
alized unentangled states has also been tackled recently by
making explicit contact with the open quantum system theory
and the decoherence program (60). Within a Lie-algebraic
formulation of Markovian quantum dynamics, in particular,
GCSs are found to minimize an invariant uncertainty which
is closely related to their quantum Fisher information content,
and they are seen to emerge as most predictable “ein-selected”
pointer states under appropriate conditions on the interaction
between the system and its surrounding environment – gener-
alizing the characterization of canonical (harmonic-oscillator)
coherent states as most stable (hence most classical) states in
the presence of decoherence (43).
C. Conceptual implications and open problems
While all the above characterizations consistently tie the
absence of GE to aspects of classicality as different as min-
imum state complexity, classical simulatability, minimum un-
certainty, and maximum predictability, an independent notion
of classicality is, in principle, failure to violate appropriate
inequalities violated by quantum mechanics: for pure states,
a Bell-type inequality is violated if and only if the state is
not separable in the conventional sense (61; 62). Assessing
whether the presence of GE relative to appropriate observ-
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ables may also be linked to the violation of suitable “gener-
alized Bell inequalities” represents, from both a fundamental
and philosophical perspective, one of the main open questions
about GE at present (see also (19) for some ideas along these
lines). From the point of view of QIS applications, obtaining
a more thorough resource-based characterization of GE, link-
ing the presence of GE to tasks which would not be achievable
otherwise, and/or quantifying the amount and type of GE re-
quired to accomplish them, represent important areas for ex-
ploration where additional fundamental insight about GE is
expected to emerge. In particular, a resource-based approach
may both further elucidate the meaning of GE in a single
quantum system (20; 58) as well as shed light on ways for
distinguishing (conceptually and operationally) between gen-
uinely “quantum” and “classical” correlation aspects (see e.g.
(63; 64; 65)) within GE.
As we stressed throughout this work, the GE approach is
naturally suited to defining entanglement in settings more gen-
eral than standard quantum mechanics – in particular, abstract
operational theories based on convex structures. It may be
worth observing that, by abandoning objective, absolute no-
tions of properties such as locality and separability – by ac-
knowledging instead that different observers can give different
descriptions of these concepts and the ensuing notion of entan-
glement, the GE approach also shares some of its motivations
with the recently proposed approach of relational quantum
mechanics (66; 67). While important differences between the
latter and operational theories exist in terms of how observers
themselves are included and described, it could be intriguing
to further scrutinize differences and similarities between the
two approaches in the light of the GE concept. Additional
open questions and implications for quantum foundations are
discussed in (15; 23).
VI. CONCLUSION
We believe that the richness of applications as well as the
numerous questions raised by GE program to date may speak
by themselves about the significance and potential of GE to-
ward properly capturing the unavoidable relativity of entan-
glement. We hope that the GE approach will provide fresh
stimulus for the exploration of entanglement to be extended
into still-unexplored physical, mathematical, and philosophi-
cal regions.
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